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ABSTRACT. The theorem about primitive divisors in algebraic number fields is
generalized in the following manner. Let 4, B be algebraic integers, (4, B) =
1, AB # 0, A/B not a root of unity, and {; a primitive root of unity of
order k. For all sufficiently large », the number A” — {; B" has a prime ideal
factor that does not divide 4™ — C,’(B”’ for arbitrary m <n and j <k.

The analogue of Zsigmondy’s theorem in algebraic number fields [3] asserts
the following.

If A, B are algebraic integers, (4, B) =1, AB #0, and 4/B of degree d
is not a root of unity, there exists a constant ng(d) such that for n > ny(d),
A" — B" has a prime ideal factor that does not divide A™ — B™ for m< n.

This theorem will be extended as follows:

Theorem. Let K be an algebraic number field, A, B integers of K, (A, B) =
1,AB # 0, A/B of degree d not a root of unity, and {, a primitive kth
root of unity in K. For every ¢ > 0 there exists a constant c(d , &) such that if
n>c(d, e)(1+logk)'*¢, there exists a prime ideal of K that divides A" —{,B",
but does not divide A™ — C,’;B"’ for m < n and arbitrary j.

The above theorem implies the finiteness of the number of solutions of gen-
eralized cyclotomic equations considered by Browkin [1, p. 236].

The proof will follow closely the proof given in [3]. Let Q(A/B) = Ky,
4= %, where a, f € Ko, a, B are integers, and (a, f) =0. Let S and So
be the set of all isomorphic injections of K({;) and Ky, respectively, in the
complex field, and set

w(a/B) =log [] max{|a°|, |B°]} - log No,
g€Sy

where N denotes the absolute norm in K. Here, w(a/f) is the logarithm of
the Mahler measure of «/f and so it is independent of the choice of «, f in
K.

Lemma 1. If |a| = |B]|, but «/B is not a root of unity, then
logla™ — { "] = nlog|B| + O(d + w(a/B))logkn,
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where the constant in the O-symbol depends only on d and is effectively com-
putable.

Lemma 2. If |a| # |B], then
log|a” — (i B"| = nlogmax{|al, | 8]} + O(d* + dw(a/B)),
where the constant in the O-symbol is absolute and effectively computable.
The next lemma is just quoted from [3], where it occurs as Lemma 4.

Lemma 3. Let ¢,(x, y) bethe nth cyclotomic polynomial in homogeneous form.
If B isaprimeideal of K, n>2(2¢—1), PB|dn(A, B), and P is not a primitive
divisor of A" — B", then

ordyp ¢n(4, B) <ordgn.

Finally, we prove

Lemma 4. Let '
wa(x,y: 80 = [I -&».
(j,n):l
Jj=1 modk
We have
(1) wa(x, 5 G = I xn/m=grynimmem,
mn
(m,k)=1
where mm = 1l mod k and
(k, n)

de =opn)—r——.
Proof. The right-hand side of (1) can be written as

n/m—1

T I (= mlm )™

mn i=0
(m,k)=1

A factor x — C,{n vy occurs in this product with the exponent

n/m—1
E= Y u(m) 1
min i=0
(m,k)=1 m(ki+m)=; modkn
Now,
n/m—1
njm-1 > 1 ifm|j,
1= =
; kt+ﬁ5//lmm0dkn/m
m(ki+m)=j modkn 0 otherwise,
and if m|j,
”/’"Z“ 1_{1 if j = 1modk,
1 0 otherwise.

i=0
ki+m=j/mmodkn/m
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Hence,

> w(m) if j=1modk,
E = min,m|j
0 otherwise,
and finally
{ 1 if(n,j)=1, j=1modk,
E = )
0 otherwise,
which proves the first part of the lemma.
In order to prove the second part, we notice that there are exactly ¢(n) w((é(k’ ,an))
positive integers j < kn such that (n, j)=1, j=1modk. O
Lemma 5. For every & > 0 there exists c(d , &) such that, if

n>c(d,e)(l+logk)'te,

then we have

(2) |NkjoWn(4, B; &) > (nk)iE @,
Proof. By Lemma 4,
B #(n)(k ,n)/p((k , n))
w5100 = (5) vl B3 G0,

and since (%) =9"!, we have
(Wn(4, B; ) =07 ?mellemy, (o, B3 G4,

1
K KoG log [Nk qwn(A, B i)l
(k, n)

= log| Nk, o¥n(a, B3 Ci)l — [Ko(Ck) : Ko](P('l)W log No
=" 3 ulm)logl(a®)"™ — T (B7)""]

gES min
(m, k)=1
) (k, n)
— [Ko(Ck) : KO](P(”)W log No
n . - a
= % mzln u(m) (%logmaxﬂa [, 1B°|} + O <d +w (E)) logkn)
(m,k)=1
) (k,n)
— [Ko(&k) : KO](ﬂ(n)m log No
(

= Kol6) : Kol (pln) 0w (5 ) +0 (a4 w (5))2 logkn)

where the constant in O depends only on ¢ and is effectively computable.
Now, by Dobrowolski’s theorem [2], if a/f is an integer, then

w(%) =logHmax{ i ,1}

«Q
gES)

ﬂa

logloged \* logloged \>
o0 (7)) e (M)

where ¢; and ¢, are absolute constants.
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If a/f is not an integer, then (f) # ? and

w (%) >log NS —log No > log2.

a logloged)3
—_ > 575"
w(ﬂ)‘cz( logd ) °
provided ¢, <log2.

Since for every ¢ > 0

Thus, in both cases,

p(n)
v (n)

it follows that for n > ¢(d, &)(1 + logk)!*¢
log | Ng/qwn(A4, B {i)l > [K : Qllognk,
which proves the lemma. O

> c3(e)n' e,

Proof of the theorem. By Lemma 5, for n > c¢(d, ¢)(logk)!*? we have (2), and
thus y,(4, B; {;) has a prime ideal factor P in K such that

ordg v, (A4, B; {x) >ordg kn.

But B|w. (4, B; {i)|pxn(A, B), hence by Lemma 3 we have that ‘B is a prim-
itive prime divisor of 4" — B%" and thus does not divide 4™ — {{B™ for
m < n and arbitrary j. On the other hand,

PBlwn(4, B; §)|A" — B,
thus 9 has the desired property. O
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